We present analytical and numerical results for the specific heat and susceptibility amplitude ratios in parallel plate geometries. The results are derived using field-theoretic techniques suitable to describe the system in the bulk limit, i.e., (L/ξ ± ) ≫ 1, where L is the distance between the plates and ξ ± is the correlation length above (+) and below (-) the bulk critical temperature. Advantages and drawbacks of our method are discussed on the light of other approaches previously reported in the literature.
I. INTRODUCTION
Since the advent of modern scaling concepts and renormalizationgroup techniques the study of finite-size and surface effects on the behavior of systems near or at criticality has attracted the attention of a number of investigators 1 .
Fixing our interest in the case of a system confined between two in- successfully implemented these techniques to study critical and multicritical phenomena near surfaces within a finite momentum cutoff regularization scheme. The use of dimensional regularization was shown 4, 5 to simplify the computational procedure and allowed the study of ordinary 2 and special transitions 3 through standard φ 4 -field theories under Dirichlet (DBC) and Neumann (NBC) boundary conditions, respectively. The former mimics very strong repulsive forces at the surface, thus preventing order at it (a parameter c, which measures these forces 2 , has fixed point value c * = ∞), whereas under the later boundary condition both the surface and the bulk go critical simultaneously. The special transition is in fact a multicritical point 3 , c * = 0, where the two lines describing systems with repulsive (c > 0) and attractive forces (c < 0) at the surface, meet. In the later case, namely the extraordinary transition 5, 6 , the surface undergoes a second order transition before criticality sets in the bulk. Moreover, it has been shown 7 that a scaling description holds so that the critical exponents associated with excess surface singularities may be expressed completely in terms of bulk exponents. However, it has also been shown 7 that fluctuations may induce divergences at the surface and in these cases local quantities and associated exponents must be defined resulting in new scaling relations. Therefore, in treating these quantities at the multicritical point, Neumann boundary conditions are valid only at the mean-field level
On the other hand, in order to properly describe finite size effects using field-theoretic techniques in critical systems subject, for example, For a system of volume V = AL, where A is a (d − 1)-dimensional surface (layered geometry), the following asymptotic scaling form for the singular part of the free energy density holds 17 :
where t = (T − T c )/T c , ν is the bulk correlation length exponent and a is the only non-universal metric factor. Using the hyperscaling relation dν = 2 − α, one identifies the first term (proportional to y b ) as the bulk contribution, the second one (proportional to y s ) as the excess surface term and the last one as a finite-size correction term. In the limit (ξ ± /L) ≪ 1 one expects exponentially small corrections from δf , whereas for (ξ ± /L) ≫ 1 it compensates the bulk and surface contributions and gives rise to the Casimir effect 13−15 at T = T c .
From the above scaling assumptions the specific heat and susceptibility should behave as
where α and γ are the bulk critical exponents, but even in the regime L|t| ν >> 1 one expects that excess surface and finite-size contributions modify their critical amplitudes in a non-trivial manner. In fact, the ratio of these amplitudes are quite sensitive in identifying the universality class of a critical system, particularly in numerical simulations 18 where one has to control both corrections to scaling and surface and finite size effects.
In Section II we explain our method and derive both the renormalized free energy and the equation of state from which the above quantities can be calculated. Finally, in Section III a discussion of the results and conclusions are presented.
II. SPECIFIC HEAT AND SUSCEPTIBILITY CRITICAL AMPLITUDES
In this section we shall use field-theoretic and renormalization-group techniques to calculate the amplitude ratios of C and χ in layered geometries. We shall keep close contact with standard bulk φ 4 −field theory 19 and whenever necessary to deal with the finite size of the system we employ methods 16 which are particularly suitable in the regime (L/ξ ± ) ≫ 1.
A. Renormalized Free Energy and Boundary Conditions
We start by writing the expression for the one-loop renormalized Helmholtz free energy density at the fixed point associated with the bulk critical behavior of the system:
In the equation above t,
φ M are the renormalized (bare) reduced temperature and order parameter, respectively, Z φ 2 , 
where φ j ( q) are plane waves parallel to the plate and u j (z) are eigenfunctions of the kinetic energy operator (−d 
B. Specific Heat Amplitude Ratio
Since the vertex function Γ (0,2) is additively renormalized, the critical behavior (singular part) of the specific heat is calculated using the expression 19 :
where B(u *
For T > T c , M = 0, and we find, using Eqs. (4) and (7) Γ (0,2)
whereas for T < T c we use the value of M at the coexistence curve,
The one-loop integrals are evaluated using dimensional regularization and some useful formulae 16, 20 to sum infinite series. We thus obtain for the boundary conditions of interest:
where 
Now using the ∈-expansion 19 for the non-singular part of the specific heat, −(ν/α)B(u * ) = (3/2 ∈)+(295/108)+O(∈), we find the amplitudes above and below T c :
where
From the above equations we finally obtain the specific heat amplitude ratio:
where f (x) and S A (x) are given by
and x = L/ξ, with ξ = |t|
. For x → ∞, we can use the asymptotic limit 16, 20 for f 1/2 (a) in Eq. (11) and write f (x) in the more simplified form
C. Susceptibility Amplitude Ratio
Using Eq. (1) we obtain the following renormalized equation of state:
The one-loop integral is calculated similarly as for the specific heat:
By noticing that the first term in the right-hand side of Eq.(19) may be written as [∈ −1 −(1/2)ℓnt ], and using the ∈-expansion representation for I sp , we obtain, to first order in ∈,
The susceptibility amplitudes are then readily calculated from
As before, for T > T c , M = 0, and for T < T c we use u * M 2 = −6t. The amplitudes above and below T c thus read:
where x = L/ξ.
Using Eq. (11) and performing the integrations in y, we find the susceptibility amplitude ratio:
III. DISCUSSION AND CONCLUSIONS
First, we should point out that the main step in our approach is the representation 16, 20 used to evaluate the discrete sums in Eqs. (10) and (19) . It has proved very useful in different field-theoretic contexts 20 and here it clearly helps to split the bulk, surface and finite size contributions, as required by scaling [see Eqs. (1-3) ], in a rather simple way, though its range of effectivenes precludes direct access to the Casimir effect.
Second, our starting renormalized free energy, Eq.(4), does not consider any distortion of the order parameter profile, i.e., our description is restricted to calculating the effect of the boundary conditions on bulk quantities as a result of fluctuations, i.e., in the amplitude ratios, Eqs. (14) and (24), excess surface and finite size contributions are of O(∈). Nevertheless, we observe that if the excess surface contributions for NBC in Eqs. (12) and (13) are isolated, we find
, which is the same result derived in Ref. (5) for the special transition (the excess surface specific heat exponent is
. This is so because in this particular case there is no distortion of the order parameter at the mean-field level. Notice also that, above T c , (
), where (A + ) sp,ord refer to the specific heat amplitudes at the special (NBC) and ordinary (DBC)
transitions, a result already derived in Ref. (4) . As for the excess surface contributions for the susceptibility amplitudes we also notice that the last term in Eq. (20) is consistent with the result found in Ref. (7) for the special transition above T c (γ S = γ + ν), since again no distortion of the order parameter is necessary in this case.
From the discussion above and the derived results in Section II, particularly Eqs. (14) (15) (16) (17) and (24-27), it is clear that in the regime L/ξ ± ≫ 1, and to first-order in an ∈-expansion, the specific heat and susceptibility display singularities well described by bulk exponents, but with amplitudes sensitive to the boundary conditions which manifest as excess surface and finite size contributions. Notice also that these fluctuation effects result quite effectively from the difference between the amplitudes of the correlation length above and below T c , which satisfy
In Figs. 1, 2 and 3 we plot the scaling functions f (x) and h(x), In summary, we have presented a field-theoretic description of the approach to bulk criticality in parallel plate geometries, in which excess surface and finite-size contributions appear as a result of fluctuations and depend on the boundary condition imposed on the system. Despite the fact that other more general methods to deal with finite systems do exist, our approach is probably the simplest one in the regime L/ξ ± ≫ 1. 
